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ABSTRACT

The phase structure of a large N, O(N) supersymmetxic model in three
dimensions is studied. Of special interest is the spontaneous breaking of
scale invariance which occurs at a fixed value of the coupling constant
}\0 = >‘c = 4% . In this phase the bosons and fermions acquire a mass while
a goldstone boson {dilaton) and goldstone fermion (''dilatino")} are

dynamically generated as massless bound states. The absence of renormali-

zation of the dimensionless coupling constant ,\0 leaves these goldstone

¢ particles massless.



INTRODUCT ION

Dynamical generation of mass scales is a long standing problém in quantum
field theory. The interest in this issue has been enhanced by the attempt
to understand the very different orders of magnitude of mass scales that
appear in particle physics. Hope to unveil this mystery came from super-
symmetry; consequently, one of the most interesting issues in super-
symmetric theories is their ultraviolet behavior and phase structure.
Though in general we lack exact sclutions, much df the theory's secrets
are often revealed in simple models and useful approximations. Such a
nonperturbative and systematic approach, is provided by the large N expan-
sion in  quantum field theory where, in many cases, the leading order
exhibits the true dynamical effects of the theory. Indeed, in a realistic
theory the leading order in 1/N exhibits some of the known dominant
phenomenological features; (i.e. Zweig's rule and Regge phéhomenology
represented in the planar diagrams in QCD). The large N expansion is
employed in the present papex in order to study an O(N) symmetric,
supersymmetric theory, where the leading 1/N structure is exactly

calculable.

A new phase structure for the large N 2 theory in three
P T 4

dimensions has been recently found.1

At the tricritical point, where all
renormalized dimensional parameters vanish (réé" and A[cff"')z), the theorf
is determined by a renormalizable scalé invariant lagranglan. At large N
the theory has a nontrivial ultraviolet fixed point associated with a

dynamical mass, generated for the é?' particles through dimensional

transmutation. Scale invariance is thus, spontaneously broken, and a



}

" goldstone boson of broken scale invariance appears as a @u&? bound
state. This goldstone boson, the dilaton , is massless in leading 1/N
since no perturbative renormalization of the coupling j? exists at this
order, and, therefore, no explicit breaking of scale invariance exists.
The large N leading perturbative F; function of the theory is identically
zero (next order in (1/N) has beenlcalculafedz) whereas a nonperturbative
leading 0(1) contribution to the P function possesses the ultraviolet

fixed point mentioned above.>

In the present paper we establish an interesting new phase structure
for a supersymmetric theory in three dimensions, which is reminiscent
of the one found for the /[:}'}")3 theory. At large N we find spontaneous
breaking of scale invariance and a dynamical mass generated for the
scalars and fermions in the supersymmetric ground state and thus the
formation of the goldstone mode. The dilaton and the "dilatino" appear
as massless bound states in the scalar-scalar and scalar-fermion scattering

amplitudes, respectively.

In Sec. 2 we present our variational calculation following the
method used in Ref. 4 (where it was employed to show that large N A[&;ljz
in four dimensions is unstable). The new ingredient here is the fermion
contribution to the Hartree-Fock ground state energy. The variational wave
functional is the direct product of scalar and fermion components. This
calculation gives the exact answer at N—woo. In Sec. 3 we find the gap
equations that determine the scalar and fermion masses. The phase structure
is then revealed and summarized in Figs 2 and 3. Scale invariance is
spontaneously broken at /Hl: 0, if the coupling constant A, takes exactly
the value >‘o = 457, In Sec. 4 we calculate in leading 1/N the scattering
amplitudes and find the expected dilaton and "dilatino' poles in the

rlz 0, Ao = 4 goldstone phase. Sec. 5 summarizes our conclusions.



IT1, VARIATIONAL METHODS

We will discuss a model in three space time dimensions given by the

action
= ‘(cl“"x d’s Z,oc'x,. e) (2.1)

where
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@ is an N component superfield
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AX),¥(x), and F(x) are the real scalar, two component majorana and

auxiliary fields, respectively, In Eq, 2.2, D 1is the super covariant

derivative D = 'b - 1;(9 with @ a two component majorana anticommuting

variable. Written in terms of component fields, the action is

S={e{tEar 177 - 1e
e (28.F -%.F) | .0

Ao 2L £ = - > TPy
*';,'[29 (28-F-%.¥) -—l:m-v)m-w]}
Integrating out the F(x) component auxiliary field
= n )\a =2y B

gives finally the lagrangian
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In the large N 1limit we hold Xo‘ iao. fixed as Nw-»eo, Standard
technique of summing the infinite number of cactus diagrams use Euclidean
functional integrals5 or Hamiltonian methods4'6. Below, we use the
variational method of Refs. 4 and find the best plane wave ground state

which is represented by the wave functional

Y(&,¢} = Yia Y1 & (2.7)

where

. _ s s (R . Row {2,8a)
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Y{‘P} = 'E’-X[) {hf‘“" ﬂh} \-’}:f)u A,mik-g)qztgj } |0>° (2.8b)

Gmﬂ and Z&HHy are the boson and fermion correlation functions, The back-
ground field ﬂ; as well as the boson and fermion masses in the correlation
functions will be determined by minimizing the Hartree-Fock ground state
energy. It has been shown in Refs. 4 that this approach is equivalent to

an effective potential calculation as long as the gap equation is satisfied.
End point solutions for global minimum of the ground state energy are obvious
in this variational calculation, but missed altogether in the effective
potential approach.7 In the present analysis s gap equation

solutions will play the main role and thus our results can be rederived also

in a standard large N effective potential calculation,



The Hartree-Fock ground state energy, to leading order in N,

is given by the sum of kinetic and potential energies and

- -+
W('mn gy A kﬂ (m, A ) + K,,(Ma‘,J <V )2
can be calculated using a trial plane wave expau"ls;ion4 of the quantum
— b J
operators A(x)} and Y¥(x) or equivalently through a Euclidean path
integral, One finds for the boson kinetic energy,
,9 | "V"‘lL D g s
gy = =~ - L
m? k,, T 3m2< Ry (2.10)
and for the fermion kinetic terms we use the relation
' Wy, o
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where i :.-::“j:"’(ﬁ-f-w.?)r‘; and find
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We distinguish between the normal ordered masses m, and mq, of the boson
and fermion fields and will let the minimalization procedure to choose a

supersymmetric or non-supersymmetric ground state.

The vacuum expectation value of an O(N) singlet quantum operator at

K k
large N satisfiess <Qﬂ(k)> = <Qﬂ(g,> +O[£} and thus the potential

energy from Eqs. 2,6 and 2,9 is given to leading order in N by

(2.13}



The ground state energy in Eq. 2,9 is determined in leading order in N

by the quantum fluctuation of A" and % «% , namely

¢N*> =NB7 +N g dik (wk ! )

r= -« 3 [ 1
() M, (2.14a)
e * N ™"
WS« L LA, - T
and
:J. e _ i »;_dmft
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(2.14b)
- W T
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AA and A‘}, are ultraviolet cutoffs which we will take now to be equal in

order not to introduce an explicit breaking of supersymmetry,

From Eqs. (2.10), (2.12), and (2,14a,b) one finds {we take m, >0 )

| _ N a3
kn (,) = 5= mg (2.152)
and
- M 'y N 3
k? (w‘r) ol A wmy = I, | | (2.15b)

The Hartree-Fock ground state energy in Eq, 2.9 is now given by
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The only renormalization required in the leading order in N is

Foepe ML)

A= Ao

After some rearrangement of Eq, 2.16, onc finds

s
¥ W

However,

4
best plane wave gound state,

T

(P ] =ty 4 e BN Do n (7

We notice that the renormalized W

(K')( ﬂw”% )ﬂhﬁv

f
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is not cutoff inde-

pendent for arbitrary values of the variational parameters,quMfm.

(2,16)

(2.17)

(2.18)

— ijp) ]]-
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we have not yet applied theminimalization procedure to choose the

This will be carried out in the next section,
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1I1. GAP EQUATION AND PHASE STRUCTURE -

At its minimum, the Hartree-Fock ground state energy satisfies the

extremum conditions QW/(BNM?‘:—O and fB\A//-";}fl-fv\&5 © . The first

relation implies

Q-%-}H = © —I{'MY)(N“ /1 A ( L Mn)) (3.1)

lr'

which is the gap equation for the fermion mass (Fig. 1a). Since the cutoff

dependent term in Eq. 2.18 is proportional to the fermion gap equation [we

neglect the uninteresting m*fv O(A ) solution in Eq. 3.1], we see that if
= - B) ot ' i cutoff in-

M, r+>~ (ﬂ ) hen \"/(%n-'\"‘v: Ac."\) is now

dependent. Namely, if one inserts now the fermion gap equation solution

into Eq. 2.18, one finds the vacuum energy,

(I (b b, B2 = '};(PW::-— jtm, }*) (3.2)

w pml (Jmy) - g+ b RS )

The boson gap equation (Fig. 1b)

QW
A L |~
G =0 T e\ (B, - Sl

(3.3)

_[r A (B~ __e)][r vaa (B> g).,,\o.r\] =0
can be written now as

AML: whl-i’*q_,\ {721 (Q_’L-._ M"‘q,.[ (3.4}
] Skl 3 ¥ c |

One notices that L) in Eq. 3.2 can be written as

1
o (‘M h T
=2 (e’ -3a%) + kel B2 6



where R = 1m¢|/mA. Since both terms in Eq. 3.5 are never negative, the
absolute minimum of the ground state energy can be found by separately

nminimizing each term. The first term is zero at its minimum value where R

3 Ei which has two possible minima.

= 1, The vacuum energy becomes W = Lmm
For Imwl = my # 0 and Ki = 0, we have an 0(N) symmetric, supersymmetric
ground state. Alternately, if ]mwl = m, = 0 with Ki £ 0, the O(N) symmetry

is broken in the ground state. Both solutions imply Wm = 0 because the

in
supersymmetry always remains unkroken at the minimum.
To study the vacuum structure we examine the gap equations. Since

Imwl = it is sufficient to study the fermion gap equation obtained from

=27 - '
™My = M+ ACA - lwnr\/%’n’) (3.6)
This simple relation, when combined with Eq. 3.5, reveals a very
interesting phase structure. We normally would expect to find two possible
phases, an O(N) symmetric phase for u>0 and an O(N) broken symmetry phase

for u<0. Indeed we find these two conventional solutions to the gap

equation.

o) 70 1 Be=o | My = MIUEAMYY Y O
(3.7)
by MOt My=0, Ac = ~M/A >0
However, there exists a totally new class of solutions to the gap equation

which produces an 0(N) symmetrie phase different from case (a) for certain

ranges of the renormalized parameters.

Cl) myo  Aruw 1 ﬁc_:o)ﬂ”‘r\u“:-'/u [(Afar~) <Q
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Ac= 0, M= (-2 4 €O

c%\y<o,’k<‘+ﬂ"

Note we have chosen A>0 by convention.

The different phases of the model are summarized in Fig. 2. In case
(a), the O(N) symmetry is preserved and the fermion mass is positive (note
that there is no trivial Y5 symmetry to change the sign of the fermion mass
term for two component fermions in three dimensions). This is the expegted
symmetric phase for positive mass, p. In case (b}, the O(N) symmetry is
spontaneously broken and the bosons are massless goldstone particles.
Supersymmetry implies that the fermionic partners to these bosons are also
massless. This is the expected broken symmetry phase for negative mass, u.
Case (¢} is the new O(N) symmetric phase which exists for both signs of the
mass parameter, u; but for a restricted range of couplings, A. The fermion
mass is negative for this phaset

An alternate description of the phase structure of the model is given
in Figure 3. We show 1lines of T"econstant physics™ as function of the
renormalized parameters, u and A. For the symmetric phases, (a) and (c},
the lines correspond to constant physical mass for the fermions and bosons.
Note that the lines for phase (c) are all continuous through the point, (u
= 0, A = 4n). For the broken symmetry phase, the line corresponds constant
vacuum expectaticn value of the scalar field, Kc' In regions II and IV, the
normal phases provide the unique ground state. However in regions I and
I1I, the normal phases are degenerate with the new phase. At each point of

region I, there are two possible ground states, both O(N) symmetric and



supersymmetric, but having different values for the particle masses. At
each point of region III, an O(N) symmetric ground state is degenerate with
states where the O(N) symmetry is spontaneously broken. The degeneracy is
exact as the unbroken supersymmetry guarantees that the vacuum energy
vanishes for all ground states.

The point ¢ = 0, is of particular interest, Since p 1is the only
dimensional parameter in the theory, the lagrangian is scale invariant if p
= Of (He consider, as above, the theory at E?W/Eimu'l = 0, namely thé fermion
gap equation Is satlsfied, and thus the Hartree-Fock ground state énergy W
has no cutoff dependence). At leading N, the coupling constant A is not
renormalizedt The gap equation (eq 376) has now the trivial solution my, =
o, ﬁc = 0 that give W = 0. This is the case where we are exactly at the
eritical point of the theory and is analogous to the m = 0 solution at the
tricritical point in Refs. 1,2.

There is, however, another possibility if the coupling constant A
takes exactly the value A = Hwt In this case, mw<0 can take any value
{while Ki = 0). This gives a supersymetric (Imwl = mA), O(N) symmetric
phase in which by dimensional transmutation, the coupling ) is traded for a
dynamically generated mass. Scale invariance of the original lagrangian is
spontanecusly broken due to the appearance of |m¢[ = m, # Of Note that all
lines of phase (c) pass through the point, (p = 0, X = Y4¢). In the next

section, we discuss the appearance of a goldstone boson (dilaton) and a

goldstone fermion ("dilatino™) associated with this phase.



IV. THE DILATON AND DILATINO POLES

As found at the end of Section III, the theory with ]\= ¢ has, in
addition to the m = E;z = 0 critical point minimum, also a massive phase
in which scale invariance is spontaneously broken. Since this ground state
is supersymmetric, the goldstone boson associated with the spontaneous
breaking, the dilaton, is accompanied by its supersymmetric partner, a

goldstone fermion, we call a dilatino

The dilatino p2 = 0 pole should be found in the fermion-boson
scattering amplitude. Indeed, the leading order in N (Fig. 4) gives as
seen from Eq. 2.6

T A 3 [ v i -, ~1
w; q«.qF) :?'W{Iml)\jé}al((?whz‘:&)( | ;)}

ke amp

(4.1)

]
S O
& [ti-a) pr+ A + -1y T

In the supersymmetric ground state )nl*]==mA we have as p2—¢-0

T, o omedfae iy g .,.}—' (4.2)

+ﬂ- N .f« zﬁ—’fm‘”

and thus using Eq. 3.7, we find in the qu # 0 solution of the /4 =0

case, the dilatino pole (note that we use Euclidean metric)

2y - “:»r[" M.;J {4.3)
T;a,'m(l’ ) = N }?



The dilaton pole can be found, as in Ref.l, in the AA channel and

here also in the ¥¢ channel. Fig. 5 gives the following relations for

the scattering amplitudes

1l

,TX + xg...r.‘.' _'_J’F-rzi (4.43)
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where we denote by an index 1 and 2 an AA state and a ﬁjf’state, respectively,

x and y are the couplings

N f :
X =2 e 2‘.1 (RS> (4.52)
N
:J = - hgi. (4.5b)
2N

B and F arc the boson and fermion bubble diagrams given by

2
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and
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From Eqs. 4.4 a-d, one finds

4 x + b = (4.8a)
AY A E T = 3
A.n 4 | - x&—HIBP
Treoe= T, = e = T. =T (480
A X8y Br L
T - =T = I’\{,}zg ' (4.8c)
"//3{’ bd 2 i_xB‘_aLeF
All these scattering amplitudes have the common denominator
1-XB-\'BF = l-—(z.)‘_ﬂt"" 2 N B - Aot (4.9)
J T3S F)B [zﬁ) BF

which vanish at p2 = 0 in the spontancously broken scale invariant phase
(]‘1 = 0). This can be seen from Eqgs

- 4.6 and 4.7 as pz——, 0

Blpn — -4 L[y

Y ‘V"‘n s

_t__ ' (4.10a)

W""
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and using Eq. 2.14a we find

1 pS L ES .
I-X8 - ' ae - ) () N (4.1
-0

which as expected exhibits the dilaton pole at p2 =0 if A =4m.



V. SUMMARY

Using a Hartree-Fock variational calculation, we studied the phase
structure of an O(N) supersymmetric model in three dimensions. This
variational calculation gives the exact answer in the limit N -~ oo .
Figures 2 and 3 summarize our main findings. The ground state of this
model at large N was found to be always supersymmetric, whereas the
O(N) dnternal symmetry can be broken (phase b ) or unbroken (phases a

and ¢}, depending on the values of l-t" and ) , the only parameters

of the renormalized theory.

of épecial interest is the phase denoted by ¢ (in Figs. 2 and 3).

In this phase when the renormalized ma$5 parameter [l is zexo ithe
lagrangian represents a scale invariant theoxry (A 1s dimensioﬁless in
d = 3). Dimensional transmutation takes place if )\ = 4% and a mass
]me = my is generated for the O(N) bosons (é;) and fermions (\?).
Scale invariance :;Ls spontaneously broken at this value of ) and a massless
goldstone boson (dilaton) and goldstone fermion ("dilatino" ) appear in the
scattering amplitudes of Figures 4 and 5 as $.$ s t,?..}’ and ;’.?
bound states. Normally these goldstone particles acquire mass due to
explicit breaking of scale invariénce broughF in by renormalization. Here,
however, since A is not rent_)rmﬂlizcd the dilaton and "dilatino"
are exactly massless. This result is remi.niéceﬁt of what was found1 in

('5';.‘_"")3 in threc dimensions where at the tricritical point, an ultra-

violet fixed point in the (s function at / :7 = (4m)* stabilized
. [



the ground state while scale invariance was spontaneously broken. We
are unaware of other models where the goldstone particle of broken scale
invariance stays massless. The implications of this on realistic models

need futher study,
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FIGURE CAPTIONS

(a) Fermion mass gap equation (b) Boson mass gap equation.
(Dashed 1line denotes the fermion propagator; solid line denotes
the boson propagator).

Phase structure of the theoryi we plot [mwl = |mAI as a function
of u for fixed coupling A>0. Cases (a) and (c) are O(N) symmetric
while case (b) has the O(N) symmetry. spontaneously ' broken. We
also plot the vacuum value of the scalar field for the three
phaées.

The different phases of Figure 2. We plot 1lines of ‘“constant
physics." For the conventional O(N) symmetric phase (a), the line
is for constant particle mass mw = ImAlf For the conventional O(N)
broken symmetry phase, the line is for constant vacuum value of
the scalar field, Kc' We also show the lines corresponding to the
new O{(N) symmetric phase (c) with fmy, = —[mA[: At u = 0, all the
lines of phase (¢) pass through the peint A = Y7 and scale
invariance is dynamically broken,

Fermion-boson 'scattering amplitude in leading order in 1/N.
(Solid line - Dboson, dashed 1line - fermion). A massless
"dilatino" is found in this channel if u2 =0 and A = 4w,

" Boson-boson and fermion;fermion scattering amplitude in which a

2

massless dilation appears (if p° = 0 and A = Hxn).
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